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Abstrat
We provide a method for heking indistinguishability of a set of multipartite orthogonal
states by loal operations and lassial ommuniation (LOCC). It bases on the priniple of
noninreasing of entanglement under LOCC. This method originates from the one introdued
by Ghosh et al. (Phys. Rev. Lett. 87, 5807 (2001) (quant-ph/0106148)), though we deal
with pure states. In the bipartite ase, our method is operational, although we do not know
whether it an always detet loal indistinguishability. We apply our method to show that
an arbitrary omplete multipartite orthogonal basis is indistinguishable if it ontains at least
one entangled state. We also show that probabilisti distinguishing is possible for full basis if
and only if all vetors are produt. We employ our method to prove loal indistinguishability
in a very interesting example akin to "nonloality without entanglement".
Orthogonal quantum state vetors an always be distinguished if there are no restritions to
measurements that one an perform. If the vetors are states of a system onsisting of two
distant subsystems, then there an be natural restritions for the measurements that an be
done. In partiular, if Alie and Bob (the parties holding the subsystems) annot ommuniate
quantum information, their possibilities signiantly derease [1℄. Intuitively one feels that in suh
a ase, there will be a problem with distinguishing entangled states, while produt ones should
remain distinguishable. The rst result in this area was rather surprising: in Ref. [3℄ the authors
exhibited a set of bipartite pure produt states, that annot be distinguished with ertainty by loal
operations and lassial ommuniations (LOCC). Another ounterintuitive result was obtained in
Ref. [4℄: any two orthogonal multipartite states an be distinguished from eah other by LOCC,
irrespetive of how entangled they are. The latter result was greatly extended in Refs. [5, 6℄.
There is therefore a general question: whih sets of states are distinguishable?
To nd that a given set is distinguishable, one usually needs to build suitable protool. To show
that the states are not distinguishable one an try to eliminate all possible measurements as in [7℄.
Another way is to employ somehow the theory of entanglement [2, 8, 9, 10℄. A typial statement
proving suh indistinguishability would be then: Alie and Bob annot distinguish the states, as
they would inrease entanglement otherwise (whih is impossible by LOCC). The advantage of
the latter method is that it allows to estimate the entanglement resoures needed to distinguish
the states, that are non-distinguishable by LOCC.
In Ref. [11℄ this approah was rst used to hek distinguishability between two mixed states (we
will all it TDL method). Another powerful method based on entanglement was reently designed
in Ref. [12℄ (we will all it GKRSS method). In this paper we introdue another method, losely
related to the latter one, but onneted also with the TDL method. Our approah provides a
strong tool for investigation of distinguishability of sets of bipartite pure states, beause it bases
on deiding whether some pure state an be transformed into some other pure states by LOCC,
the latter issue being ompletely solved in a series of papers on entanglement monotones and
entanglement manipulations with pure states [9, 13, 14, 15℄. Using it, we show that any full basis
of an arbitrary number of systems is not distinguishable, if at least one of vetors is entangled [16℄.
For 2⊗n system it is then also only if, as produt bases are distinguishable in this ase [17℄. Our
result applies also to probabilisti distinguishability, so that in onjuntion with the result of [19℄
we obtain that a full basis is probabilistially distinguishable if and only if all vetors are produt.
As an illustration of the eetiveness of our presented method, we onsider some examples of loal
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indistinguishability of inomplete bases. One of the examples exhibits an interesting feature akin
to "nonloality without entanglement" [3℄.
Let us rst note that the appliation of entanglement theory to this problem is not immediate.
Imagine, that we want to distinguish between the four Bell states given by
|B1〉 = 1√
2
(|00〉+ |11〉),
|B2〉 = 1√
2
(|00〉 − |11〉),
|B3〉 = 1√
2
(|01〉+ |10〉),
|B4〉 = 1√
2
(|01〉 − |10〉).
If we were able to apply by LOCC just the von Neumann measurement, then we ould obviously
reate entanglement. Namely, if Alie and Bob start with any initial state (hene also possibly a
disentangled one), after the von Neumann measurement, it ollapses into one of Bell states. This is
of ourse impossible. We annot however onlude at this moment, that they are indistinguishable.
The lue is that we ould distinguish between them, while destroying them during the proess.
Thus Alie and Bob would get to know what state they shared, but the potential entanglement
would be destroyed. This is atually the ase in the Walgate et al. protool [4℄, where one
distinugishes between two (possibly) entangled states.
To employ entanglement theory in the distinguishability question, a more lever method should
be applied. The general hint is to apply the measurement to some larger system. This onept is
a basis for the TDL and GKRSS methods. In the rst one [11℄ the authors onsidered a state of
four systems A, B, C, D:
ψ = ψAB ⊗ ψCD
where ψAB and ψCD are maximally entangled states. Then the measurement is applied to the
AB part (f. [19℄). If the state after measurement is entangled, then one onludes that the
measurement annot be done by use of LOCC.
The GKRSS method [12℄ is the following. Given the set of states {ψABi }ki=1 to be distinguished,
one builds a mixed state
̺ =
1
k
∑
i
|ψi〉 〈ψi| ⊗ |φi〉 〈φi| (1)
where φi are some entangled states of the CD system (more generally one ould put some proba-
bilities pi instead of 1/k). Now if Alie(A) and Bob(B) are able to distinguish between the states
ψi they an tell the result of their measurement to Claire(C) and Danny(D), who will then share
states φi with probability 1/k. One now ompares the initial entanglement E(̺) measured aross
the AC:BD ut and the nal one given by (1/k)
∑
i E(φi) aording to any hosen entanglement
measure E. If the states ψi are distinguishable by LOCC, then the nal entanglement annot be
greater than the initial one; otherwise one ould inrease entanglement by LOCC [20℄. Thus, if
we have
E(̺) <
1
k
∑
i
E(φi) (2)
then the states ψi are not distinguishable by LOCC. In Refs. [12, 22℄ distillable entanglement was
used as E.
Let us now exhibit the method of the present paper. It is a modiation of the GKRSS method.
Namely instead of lassial orrelations between AB and CD we will use quantum orrelations.
Consequently mixture (2) is replaed by the superposition
ψABCD =
∑
i
√
pi
∣∣ψABi 〉 ∣∣φCDi 〉 (3)
The states φi will be used here essentially to detet as to whether a set of states are loally
indistinguishable and as suh we shall heneforth all them "detetors". At a rst glane it seems
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that this approah should fail, beause the pure state is unlikely to have small entanglement. In
[12℄ where mixtures are used, the possibility for the initial state ̺ABCD to be separable in the
AC:BD ut was muh larger, as mixed states are less oherent than pure ones; for a pure state
to be separable, it has to be produt, while for mixed states, the very mixedness an derease
entanglement, or even produe separability [23℄. Let us however exhibit the following example.
Suppose that Alie and Bob are to distinguish between the Bell states |Bi〉. As detetors, we take
the same states (as in [12℄). Our pure state is thus
|ψB〉ABCD =
1
2
4∑
i=1
|Bi〉AB |Bi〉CD (4)
One an see that this state an be written as
1√
2
(|00〉+ |11〉)AC
1√
2
(|00〉+ |11〉)BD (5)
So it turns out that it is produt in AC:BD ut, so that our method will work. Assuming now
the four Bell states to be loally distinguishable immediately would imply that the state |ψ〉 is
entangled in the AC:BD ut whih is the desired ontradition. This result was obtained in [12℄
and their mixed state ̺ABCD =
1
4
∑
i |Bi〉 〈Bi| ⊗ |Bi〉 〈Bi| turned out to be separable in AC:BD
(see also [24℄). Here we have a pure state whih is produt. Note that in this partiular example,
our method, even though originating from the GKRSS approah, oinides with the TDL method.
The advantage of our approah over the GKRSS method is that for mixed states, it is usually hard
to hek the relation (2) for dierent entanglement measures. Indeed, for mixed states it is diult
to evaluate the known entanglement measures. In our ase we have pure states on both sides of
the inequality, for whih the set of all needed measures is known [9, 14℄. Even more: Jonathan and
Plenio [15℄, generalizing the Nielsen result [13℄, have obtained a neessary and suient ondition
for the transformation from a pure state φ to an ensemble of pure states {pi, φi}. The ondition
is eiently omputable. Namely, let λ and λi be vetors of the Shmidt oeients of φ and φi
respetively. Then the LOCC transition φ→ {pi, φi} is possible if and only if the vetor
∑
i piλi
majorizes λ [25℄. To summarise, our method onsists of the following steps
(1) Given the states {ψABi }ki=1 to be distinguished, hoose k detetors φCDi and probabilities pi.
(2) Applying the Jonathan-Plenio riterion, hek if the transition ψABCD → {pi, φCDi } is pos-
sible by LOCC (in AC:BD ut) where ψABCD is of the form (3).
The item (1) an be formulated more generally in the following way:
(1a) Choose ψABCD suh that its redution ̺AB has the support spanned by ψ
AB
i 's.
(1b) Determine detetors φCDi by writing ψABCD by means of ψ
AB
i .
Now we will apply our method to obtain the following proposition, where in fat we do not need
an expliit use of the Jonathan-Plenio riterion.
Proposition. Let ψABi be a full orthogonal basis of an m ⊗ n system. Then we have: (1) If at
least one of the vetors is entangled (see [16℄), the set annot be perfetly distinguished by LOCC
(2) The set annot be probabilistially distinguished if and only if all vetors are produt.
Remark. Note that we will not have "if and only if" for item (1) beause there are orthogonal
produt bases that annot be distinguished [3℄. However it would also be "only if" in 2⊗ n, as all
produt bases are loally distinguishable there [17℄.
Proof. Consider the four party state
|ψ〉ABCD =
(
1√
m
m∑
i=1
|ii〉AC
)
 1√
n
n∑
j=1
|jj〉BD


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shared between Alie, Bob, Claire and Danny, whih is produt aross the AC:BD ut. Note that
Alie and Claire are sharing m -dimensional systems eah while Bob and Danny are sharing n
-dimensional systems eah. Written in AB:CD, this state takes the form
1√
mn
mn∑
k=1
|k〉AB |k〉CD (6)
However we know that suh a state is U ⊗ U∗ invariant where U is an arbitrary unitary operator
on the mn-dimensional Hilbert spae (with the tensor produt separating AB from CD) and where
the omplex onjugation is taken in the omputational basis (see e.g. [26℄). We would hoose our
U as indiated below.
Let {|ψ1〉 , |ψ2〉 , ..., |ψmn〉} be a set of mn orthonormal states of an m⊗ n system. We hoose our
U suh that U |k〉 = |ψk〉 for all k = 1, 2, ...,mn. We now use the U ⊗ U∗ invariane of the state
|ψ〉 in the AB:CD ut and write it as
1√
mn
mn∑
k=1
|ψk〉AB |ψk〉∗CD
where the omplex onjugation is again in the omputational basis.
Therefore if Alie and Bob are able to loally distinguish between the |ψk〉s, they ould ring up
Claire and Danny to tell whih state they share, resulting in the reation of the orresponding
orrelated state |ψk〉∗ between Claire and Danny.
Now if at least one among the |ψk〉s is entangled, an assumption of loal distinguishability of the
|ψk〉s would imply that the state |ψ〉 has a nonzero amount of entanglement in the AC:BD ut
[27℄. But this is forbidden as |ψ〉 is produt in the AC:BD ut.
Note that the above reasoning goes through irrespetive of whether the loal distinguishability
protool for the |ψk〉s is deterministi or probabilisti. This proves that an arbitrary omplete set
of orthogonal states of any bipartite system is loally indistinguishable (deterministially as well
as probabilistially) if at least one of vetors is entangled. (Note that for the desired ontradition,
the probabilisti protool must have nonzero probability for at least one entangled state.) Now,
from [19℄ it follows that any omplete produt basis an be distinguished probabilistially [28℄.
Indeed in [19℄ it was shown that any separable superoperator an be performed by LOCC with
some probability of suess. However, measuring a omplete produt basis amounts to applying
some separable superoperator. This ends the proof.
Generalisation of the proposition. The above proposition an in fat be generalised to the
multiparty situation. That is, the following statement is true. In d1 ⊗ d2 ⊗ . . . ⊗ dN , (1) a
full orthogonal basis annot be distinguished deterministially by LOCC (between the N sharing
parties), if at least one of them is entangled (see [16℄) and (2) a full orthogonal basis an be
distinguished probabilistially if and only if all vetors are produt (i.e., of the form |η1〉 ⊗ |η2〉 ⊗
. . .⊗ |ηN 〉).
Note that the entangled state that is needed for the validity of the statement of this generalised
proposition may not be a genuine N -party entanglement. For the 2 ⊗ 2 ⊗ 2 ase, for example,
even a state of the form (a |00〉+ b |11〉) ⊗ |0〉 in a omplete orthogonal basis would be suient
for loal indistinguishability of the basis.
Item (1) of the generalised proposition is immediate, from the Proposition for the bipartite ase,
one we note that a multiparty entangled state must be entangled in at least one bipartite ut. Note
also that if a set of multipartite states is indistinguishable in a bipartite ut, it would obviously
remain so, if we lessen the allowed set of operations by restriting the parties within one ut to
remain at distant loations. The "only if" part of item (2) also follows by essentially the same
argument. The "if" part of item (2) however needs a generalisation of the result obtained in Ref.
[19℄, whih we do now.
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Consider three systems X,Y, Z with Hilbert spaes Cd and xed bases {|i〉} (eah of them will
be then onsidered as multipartite). Let ̺Z be state we want to subjet to operation Λ. Suppose
also that systems X and Y are in the state σXY = (Λ ⊗ IY )P+XY where P+XY = |ψ+XY 〉〈ψ+XY |,
ψ+XY =
1√
d
∑d
i=1 |i〉X |i〉Y . Following Ref. [19℄ one nds that if the total state σXY ⊗̺Z is projeted
onto IX ⊗ P+Y Z (whih happens with probability 1d2 ) then the state of the system X beomes
̺outX = Λ(̺Z). Now, we take X,Y, Z to be n-partite systems, so that e.g. X = X1X2 . . . Xn with
Hilbert spae Cd1 ⊗ . . .⊗ Cdn and d1 . . . dn = d. The bases {|i〉} are hosen to be produt bases
|i1〉 . . . |in〉. If Λ is separable operation (with respet to the onsidered division of X) then so is
Λ ⊗ IY , as the set of separable operations is losed under tensor multipliation. The state P+XY
has the following produt form P+XY = P
+
X1Y1
⊗ . . .⊗ P+XnYn . Thus the state σXY is separable. It
then follows that Λ an be performed by LOCC. To this end the parties prepare the state σXY
whih is possible by LOCC, as it is separable. Then i-th party perfom loal projetion into P+YiZi
whih ours with probability 1/d2i . If all parties sueed, whih happens with probability 1/d
2
,
they obtain projetion P+Y Z .
Let us illustrate the multiparty situation in a simple example in 2 ⊗ 2 ⊗ 2. Suppose that Alie,
Bob and Claire want to distinguish between the GHZ [29℄ states
G1,2 =
1√
2
(|000〉 ± |111〉),
G3,4 =
1√
2
(|010〉 ± |101〉),
G5,6 =
1√
2
(|100〉 ± |011〉),
G7,8 =
1√
2
(|001〉 ± |110〉)
Following the way we had proeeded for the four Bell states (in eqs. (4) and (5)), we onsider the
pure state
|φG〉ABCDEF =
1
2
√
2
8∑
i=1
|Gi〉ABC |Gi〉DEF
This state an be rewritten as
1√
2
(|00〉+ |11〉)AD
1√
2
(|00〉+ |11〉)BE
1√
2
(|00〉+ |11〉)CF
That is, the state is a produt in AD : BE : CF . A similar argument as before, implies that the
set of states {Gi} are indistinguishable by LOCC.
Note however that our presented method for testing loal indistinguishability of a set of bipartite
orthogonal states annot be extended in its full generality to the multipartite situation. The
Jonathan-Plenio riterion [15℄ has not been as yet generalised to more than two parties. Given a
set of tripartite (for deniteness) orthogonal states
{
ψABCi
}k
i=1
to be distinguished (loally),
(1) one may hoose the k detetors φA1...ANi (N not neessarily equal to 3) and probabilities pi
and
(2) see whether the transition ψ =
∑
i
√
pi
∣∣ψABCi 〉 ∣∣∣φA1...ANi 〉 → {pi, φA1...ANi } is possible by a
LOCC protool whih is implementable by keeping A,B,C at distant loations.
If the transition is impossible, the set
{
ψABCi
}k
i=1
is indistinguishable when A,B,C are at distant
loations. However in the absene of a riterion for transformation of (pure) states in the mul-
tipartite senario, it would be in general hard to nd out whether the above transformation in
item (2) is possible or not [30℄. This is in ontrast to the bipartite situation where our method is
operational (via the Jonathan-Plenio riterion). Note however that this does not imply that given
a set of orthogonal bipartite states, our method would always detet its loally indistinguishabil-
ity (if at all). We do not know whether our method does not detet loal indistinguishability of
some set of orthogonal states. We would mention later in this paper, as to why deteting loal
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indistinguishability of a set of orthogonal states by our method is interesting, even if we know it
independently by other methods.
One an now try to see how eetive the presented method is, when we deal with an inomplete
set of orthogonal states. In that diretion, we onsider two examples.
To disuss the rst example, note that the set S onsisting of the following maximally entangled
states in 3⊗ 3 are distinguishable loally:
ψ1 =
1√
3
(|00〉+ ω |11〉+ ω2 |22〉) , ψ2 = 1√
3
(|00〉+ ω2 |11〉+ ω |22〉) , ψ3 = 1√
3
(|01〉+ |12〉+ |20〉)
(7)
(ω is a nonreal ube root of unity.) The set S an be distinguished loally by making a projetive
measurement in the basis
{
1√
3
(|0〉+ |1〉+ |2〉) , 1√
3
(|0〉+ ω |1〉+ ω2 |2〉) , 1√
3
(|0〉+ ω2 |1〉+ ω |2〉)}
in any one of the parties and a subsequent lassial ommuniation to the other party (see also
[31℄).
Having shown this, what would be our expetation for the set of states ontaining the same states
as in S but for the last state |ψ3〉, whih is replaed by a produt state |01〉? The above Propositions
seem to indiate that as we put more and more entanglement into the system, the system tends
to beome loally indistinguishable. This is also the expetation obtained from the reent work
of Walgate and Hardy [7℄. But one an hek by taking Bis (i = 1, 2, 3) as detetors and with
probabilities pi as (.16, .16, .68), that the transition
∑3
i=1
√
pi |ψi〉AB |Bi〉CD → {pi, |Bi〉CD} is
forbidden by the Jonathan-Plenio riterion [15℄. Consequently the set S
′
, ontaining the states
ψ1 =
1√
3
(|00〉+ ω |11〉+ ω2 |22〉) , ψ2 = 1√
3
(|00〉+ ω2 |11〉+ ω |22〉) , ψ′3 = |01〉 (8)
are indistinguishable by LOCC [32℄ [33℄. This simple example shows that the intuition that we
tried to obtain from our Propositions as well as from the work of Walgate and Hardy [7℄ is not true.
In fat this example is more in the spirit of the examples of "nonloality without entanglement"
in Refs. [3, 17, 36℄ as also the results in Refs. [4, 5, 6℄ indiating that nonloality (in the sense of
loal (in)distinguishability of orthogonal multipartite states) is independent of entanglement.
We now go over to our seond example of using our presented method to hek indistinguishability
of an inomplete basis. We would like to examine a ase of indistinguishability of three orthogonal
two-qubit states. This ase has been solved in [7℄. But we want to solve it by our method. As we
would see, it leads to an interesting open question. Consider again therefore a four party state
|χ〉 = 1√
3
3∑
i=1
|Ai〉AB |Bi〉CD
shared between Alie, Bob, Claire and Danny, to probe (by our method) the indistinguishability
of the three orthogonal states |Ai〉 given by
|A1〉 = a |00〉+ b |11〉 ,
|A2〉 = b |00〉 − a |11〉 ,
|A3〉 = 1√
2
(|01〉+ |10〉),
where a and b are real (with a2 + b2 = 1) and the detetors |Bi〉 are the Bell states. Let us again
suppose that the three orthogonal states {|Ai〉} are distinguishable by LOCC even if only a single
opy is provided. But this implies that Alie and Bob would be able to reate the states |Bi〉
(i = 1, 2, 3) (eah with probability 1/3) between Claire and Danny. Thus from the state |χ〉, in the
AC:BD ut, it would be possible to reate the states |Bi〉 (i=1,2,3), eah with probability 1/3, by
LOCC only. Aording to the Jonathan-Plenio result [34℄ the proess is impossible, if one of the
squares of the Shmidt oeients of ψABCD aross AC:BD ut is smaller than 1/2. We see that
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this is the ase when a satises .0252632 < a < .999681. Thus the |Ai〉s (i = 1, 2, 3) are loally
indistinguishable whenever a falls in the above range. However as shown reently by Walgate and
Hardy [7℄ three two-qubit vetors an be distinguished if only one of them is entangled [22℄. Thus
we should be able to show that the proess of distinguishing by LOCC is impossible within the
whole range 0 < a < 1. We have tried with many dierent detetors, but the Bell states are most
probably the optimal one. This intuition omes from the feeling that maximally entangled states
would be the hardest to reate. Therefore, hange of detetors would possibly not produe the
desired impossibility. We an however ahieve it by putting probabilities:
p1 = p2 = 1/4, p3 = 1/2
instead of pi = 1/3. For suh probabilities we obtain that distinguishing between the states |Ai〉
leads to inreasing some entanglement monotone in the whole range of parameter a. This is the
reason why we wanted to prove loal indistinguishibility of the these states by our method even
when the result itself is known by other methods. Beause proving loal indistinguishability (of a
set of orthogonal states) through our method immediately shows that any (nonloal) superoperator
whih distinguishes between these states would neessarily inrease some LOCC monotone.
Sine our method is based on entanglement monotones, there is a question, whether all operations
that annot be performed by LOCC would inrease at least one funtion monotoni under LOCC.
Most likely it is the ase, i.e. the set of LOCC doable operations is desribed by the set of LOCC
monotones.
There are tasks that an be implemented by separable superoperators, but not by LOCC ones. An
example is to distinguish the basis onsisting of produt states given in Ref. [3℄. An interesting
question is whether our method an prove this indistinguishability. To this end, one would need
a monotone, that is not monotoni under separable operations [35℄. In our method we go from
pure states to pure states, and the set of monotones that are responsible for suh possibility is
nite [9, 15℄. They are sums of squares of k largest Shmidt oeients (k = 1, . . . , d where d
is dimension of subsystem). There remains an open question whether they ould inrease under
separable superoperators. If the answer is yes, then our method might work also for distinguishing
produt basis. It is however lear that we ould not then apply our methos with the initial state
as produt w.r.t AC : BD ut. Indeed, separable superoperators annot produe entangled state
out of produt ones, but an distinguish between the states of interest.
There is example of set of produt vetors indistinguishable by LOCC, whih is not full basis  so
alled unextendible produt basis (UPB) [17℄. In the ase of two qutrits it is known [36℄ that UPB
an also be distinguished by separable operations. However, for higher dimensions it might happen
that even PPT operations annot distinguish an UPB, so that the onditions for monotones would
be less stringent. Indeed, then LOCC monotones ould be monotoni also under separable and
PPT operations, and ould nevertheless be still useful.
We are grateful to Charles Bennett for drawing our attention to the fat, that a omplete set
of orthogonal produt states are always probabilistially distinguishable loally at the European
Researh Conferene on Quantum Information in San Feliu de Guixols, Spain, Marh, 2002. We
would like to thank Sibasish Ghosh, Guruprasad Kar, Anirban Roy, Debasis Sarkar and Barbara
Synak for helpful disussions. The work is supported by the European Community under projet
EQUIP, Contrat No. IST-11053-1999 and by the University of Gda«sk, Grant No. BW/5400-5-
0236-2.
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